Constraining Extended Theories of Gravity using Solar System Tests 
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Solar System tests give nowadays constraints on the estimated value of the cosmological constant, 
which can be accurately derived from different experiments regarding gravitational redshift, light 
deflection, gravitational time-delay and geodesic precession. Assuming that each reasonable theory 
of gravitation should satisfy Solar System tests, we use this limits on the estimated value of the 
cosmological constant to constrain extended theories of Gravity, which are nowadays studied as 
possible theories for cosmological models and provide viable solutions to the cosmological constant 
problem and the explanation of the present acceleration of the Universe. We obtain that the es- 
timated values, from Solar System tests, for the parameters appearing in the extended theories of 
Gravity are orders of magnitude bigger than the values obtained in the framework of cosmologically 
relevant theories. 
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I. INTRODUCTION 



The fact that the Universe is now undergoing a phase of 
accelerated expansion is evidenced by many recent obser- 
vational tests, such as the light curves of the type la su- 
pernovae and the cosmic microwave background (CMB) 
experiments [l], [H, H, 0, H, @] . The present acceleration of 
the Universe can be explained, within General Relativ- 
ity (GR), by claiming the existence of the dark energy, a 
cosmic fluid having exotic properties, since it is required 
to have equation of state such that p < —p, i.e. it has 
negative pressure smaller than its energy density. 
Alternatively, it has been suggested that cosmic speed-up 
can be explained by generalizing GR: introducing in the 
gravitational action terms non linear in the scalar curva- 
ture R (see 0, H| and references therein) . These theories 
are the so called f(R) theories of gravity (or "extended 
theories of gravity"), where the gravitational Lagrangian 
depends on an arbitrary analytic function / of the scalar 
curvature R. It was also shown recently that f(R) gravity 
is a cosmologically viable theory because it may contain 
matter dominated and radiation phase before accelera- 
tion @. 

In spite of the apparent difficulties in agreeing with 
the recent cosmological observations, GR is in excellent 
agreement with the Solar System experiments: hence, 
every theory that aims at explaining the accelerated ex- 
pansion of the Universe, should reproduce GR at the 
Solar System scale. Then, there is the need of check- 
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ing f(R) predictions with Solar System tests or impos- 
ing constraints that derive from the experiments at So- 
lar System scale. Actually, the debate is still open and, 
since / (R) theories can be studied both in the metric 

malism 

20, l2lf. the problem can be faced 
within both approaches (see [221 ] and references therein). 

Actually, we must say that there is not a common 
agreement on the dynamics of f(R) theories in presence 
of matter, i.e. inside the sources of the gravitational field, 
both in the metric and in the Palatini formalisms [23l l24j . 

Some recent papers state that f(R) theories do not 
match Solar System Tests [H, HH H3 ■ Indeed, these anal- 
yses are carried out in the metric formalism and lead to 
the same results obtained some years ago by Chiba [23| . 
For a different viewpoint, always in the metric formalism, 
which leads to an agreement with Solar System Tests, see 
[III [29| . The difficulties arising in the metric formalism 
with the Solar System experiments, which ultimately de- 
pend on the matching between the solutions inside and 
outside the matter distribution, are not present in the 
Palatini formalism, as it has been recently showed [30| : 
in fact, in this case the space-time inside a star does not 
affect the space-time outside it, (i.e. the vacuum solu- 
tion), contrary to what happens in the metric formalism. 
Also, it is useful to remember that the solutions of the 
Palatini field equations are a subset on solutions of the 
metric field equations: thus Palatini f(R) theories differ 
strongly from metric f(R) theories theory [3l|. 

In a previous work, we found an exact solution of 
the field equations in vacuum, in the Palatini approach 
and examined the significance of Post-Newtonian param- 
eters thus arising [33 ]. This solution corresponds to the 
Schwarzschild-de Sitter metric, already studied in detail 
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in [33J, and the modifications to GR are related to the 
solutions of a scalar valued equation, that we called the 
structural equation. Owing to this fact, we showed that 
the GR limit (i.e. the Schwarzschild solution) and the 
Newtonian limit are recovered in the Solar System scale, 
thus suggesting the reliability of f(R) at this scale. On 
the other hand, the question arises of evaluating the con- 
straints, coming to Solar System experiments, on the 
f(R) theories and, in particular, on the allowed analyti- 
cal functions / of the curvature scalar. Thanks to the ex- 
act Schwarzschild-de Sitter solution, we suggest here that 
this task can be, in principle, accomplished, according to 
a procedure that has been introduced in [3J]. In fact, 
recent papers by [H, [H, H3] regarding the constraints on 
the Schwarzschild-de Sitter metric coming for the Solar 
System experiments, provide a method to give the best 
estimate for the parameter k which, in our approach, is 
a measure of the non-linearity of the theory. What we 
ultimately aim at is obtaining constraints on the param- 
eters appearing in the f(R) functions, that is to say on 
the allowed forms of f(R). As a by product, since our 
approach lends itself to set limits on the allowable values 
of the scalar curvature R, we may infer corresponding 
bounds on the cosmological density of (visible) matter. 

II. CONSTRAINTS ON f(R) FROM SOLAR 
SYSTEM EXPERIMENTS 

The field equations of f(R) theories, in the Palatini 
formalism, which have the explicit form: 

f(R)R ( , v) {T)- l -f{R)g, v = nT™ ai (1) 

vlWaf'W) = o (2) 

admit the spherically symmetric vacuum exact solution: 
, 2 / 2M kr 2 \ , , dr 2 

+ r 2 M 2 + r 2 sin 2 $d(p 2 , (3) 

which is commonly referred to as Schwarzschild-de Sitter 
metric [4l[: we refer to [HJ for details on the derivation 
of this solution. The parameters appearing in (|3|) are 
the mass M of the spherically symmetric source of the 
gravitational field and k, which is related to the solutions 
R = at of the structural equation 

f'(R)R-2f(R) = 0. (4) 

controlling the solutions of equation ([1]). Namely, it is 
k = Ci/4 = R/A. We point out that ((3]) is a constant 
curvature solution. Indeed, we may say that k is a 
measure of the non-linearity of the theory (if f(R) = R, 
cq. dU) has the solution R = — > k = 0). It is evident, 
at least from a theoretical viewpoint, that the f(R) 
contribution to the gravitational potential should be 
small enough not to contradict the known tests of 



gravity. In the cases of small values of R (which surely 
occur at Solar System scale) the Einsteinian limit (i.e. 
the Schwarzschild solution) and the Newtonian limit are 
recovered, as it is manifest from @. 
On the other hand, inspection of the Schwarzschild-de 
Sitter metric, suggests that, when M = the (constant 
curvature) solutions are not, in general, Minkowski 
space-time, but they should be de Sitter or anti de Sitter 
space-time: as a matter of facts, Minkowski space-time 
is solution of the field equations only if R = (see [Hj]). 

In GR, the Schwarzschild-de Sitter solution corre- 
sponds to a spherically symmetric solution of Einstein 
equations, with a "cosmological" term Ag^, A being the 
cosmological constant, which might be, in turn, one of 
the candidates for explaining the accelerated expansion 
of the Universe, even though the nature of the cosmolog- 
ical constant is still under debate [38|. In practice, it is 
A = — k in our notation. A recent paper by Kagramanova 
et al. [Hi calculates the classical gravitational effects in 
the Solar System on the basis of the Schwarzschild-de 
Sitter metric. On studying the gravitational redshift, the 
deflection of light, the gravitational time-delay and the 
geodetic precession, constraints are deduced on the mag- 
nitude of the cosmological constant. Besides the deflec- 
tion of light, which is not influenced by A, the other tests 
give estimates on A that are much greater than those es- 
timated from observational cosmology. Indeed, these es- 
timates range from |A| < 10~ 24 m~ 2 to |A| < 10 -27 m~ 2 
while, in cosmology, the current value of the cosmological 
constant is estimated to be Ao ~ 10~ 52 777~ 2 (38|. 

Using a different approach, Jetzer and Sereno [36| sug- 
gest that the best constraint Ao ~ 10~ 42 m~ 2 comes from 
the extra precession on the basis of Earth and Mars ob- 
servations. A similar result was also obtained by Iorio 

da. 

Armed with this results, we may reverse the argument, 
and obtain, from these constraints on |A| = |fc|, limits on 
the f(R) functions used in cosmology to explain cosmic 
speed-up. This is a further test to obtain constraints 
on f(R) gravitational theories and to test their viability 
with well accepted experimental tests for Gravity. 

As we have seen, the k parameter is simply related to 
the solutions of the structural equation 

f'(R)R-2f(R) = 0, (5) 

namely it is k = Ci/A, where R — Ci are the solutions of 
flSJ). As a consequence, the bounds on the k parameter, 
in principle, enable us to constrain the functions f(R). 
We may proceed as follows. In general, the functions /, 
beyond the scalar curvature R, depend on a set of N 
constant parameters ay, j = 1..N, so that we may write 
/ = f(R^ax,..,apf), and, on solving ([5]), we obtain 

R = J 7 (ax,..,a N ). (6) 

Consequently, what we ultimately obtain is a limit on 
the allowed values of the combination T of these param- 
eters. 
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For instance, let us considered the Lagrangian intro- 
duced in Q, which mimics cosmic acceleration without 
need for dark energy: 



f(R) = R- 



R 



(7) 



We point out that the Lagrangian ([7]) was found to be 
instable [ljl HH, H§1- For discussion on this issue, we 
refer to the recent paper by Faraoni [4fJ. Nonetheless, we 
consider the Lagrangian |J7J| as a first example in order 
to illustrate our approach. 

The Lagrangian {7J depends on the parameter /i only, 
so that eq. © becomes 



\R\ = v^M 2 , 



(8) 



and, consequently, we may set a limit on the parameter 
[i. If we take the value |A| < x10~ 42 to~ 2 from [36[, we 
get 



(9) 



or, since \i is a parameter whose physical units are those 
of a mass, 



pi < l(T 28 eV. 



(10) 



We can alternatively use the best estimate |A| < 
10"" 



27 m i gj ven m J35J anc [ we correspondingly get 
fi < 10" 20 eK 



(11) 



We notice that both values (jlOlllI) are remarkably 
greater than estimate \i ~ 10~ 33 eV Q, needed for f(R) 
gravity to explain the acceleration of the Universe with- 
out requiring dark matter. 

A most significant example is given by polynomial- 
like functions f(R); it can be showed that the structural 
equation can be solved analytically. This is the case al- 
ready examined in (l5j : 



f(R) = aR 



-R m (m ^ 1,2) 



(12) 



to- 2 

from which we obtain, on solving the structural equation: 



\T(a,(3,m) \ 



1 



(13) 



This implies that the same bounds can be derived on the 
function T (a, P, m): 



\?{a,(3,m) | < 10~ 42 m 



\T{a,(3,m) \ < 1CT 27 to 



(14) 



(15) 



according to [36j or [35j respectively. This example is 
relevant from a cosmological viewpoint: the present form 
of f(R) reproduces an inflationary behavior of the model, 



in the case to > and, on the contrary, the case to < 
is important to construct and study accelerated models 
of the present Universe as previously remarked. 
We can also consider the Lagrangian [3, 



f(R) = R 



6 a 



sinh R/a ' 



(16) 



in the limit of small R, such that the structural equation 
gives 



\R\ = 3a 



(17) 



Consequently, we may set limits on the parameter a, in 
particular 



a < Kr 42 m~ 2 , 



and 



a < lQ- 27 r 



(18) 



(19) 



following to [2a], or [35|], respectively. According to [ia |. 
we must take a ~ 10~ 52 m~ 2 to match observations of 
the cosmological acceleration, and, once again, the cos- 
mologically relevant values are much smaller than those 
obtained from Solar System experiments. 

What we have seen suggests that the constraints de- 
riving from Solar System tests are surely coherent with 
cosmological theories in the framework of extended the- 
ories of Gravity, which are able to explain the present 
acceleration of the Universe. The feeling is that data 
coming from one context cannot be used to infer any- 
thing on the other context, since they have very different 
orders of magnitude. 

The dichotomy between Solar System experiments and 
cosmological observations can be seen from a different 
viewpoint. As we have said, f(R) theories of gravity 
are expedient to explain cosmic speed-up, thanks to a 
geometrical approach, without requiring the existence 
of dark energy or other exotic fluids. This can be ac- 
complished by studying the Friedman-Robertson- Walker 
(FRW) cosmology in f(R) gravity In this case, the 
structural equation ([4]) reads 



f'(R)R-2f(R) = KT, 



(20) 



g^T™ at , T™ at being the stress-energy 



where r = trT 

tensor of the cosmological fluid. Re-phrasing the ap- 
proach outlined above, the solution of eq. ([20| can be 
written in the form 



R = G{oli, .., oln,t). 



(21) 



In other words, what we can get is a limit on the allowed 
values of the combination Q of the otj parameters and 
the trace r of the stress-energy tensor of the cosmological 
fluid. 

For instance, from the Lagrangian ([7]), we obtain 



R = G(^t) 



-T ± ^T 2 + 12/i 4 



(22) 
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If we consider the case of dust-dominated Universe, r = 
— p: as a consequence, (|2"2"j) allows to get information on 
the allowed values of the combination of the matter den- 
sity p and the parameter p. Actually, since the parame- 
ter p is required to be very small in order to match the 
cosmic speed-up [3], the relation (|22|) sets limits on the 
values of the (visible) matter density p, which, thanks 
to the data reported by [36| or [35j . are easily seen to 
be much different from those deriving from cosmological 
observations. 



III. DISCUSSIONS AND CONCLUSIONS 

The recent estimates of k (or A) from Solar System 
experiments suggest some comments on the reliability of 
extended theories of gravity. 

First of all, up today, no observation within the Solar 
System is able to reveal effects due to the non linearity 
of f(R) (or, rephrased in GR language, due to the cos- 
mological constant). Strictly speaking, this statement 
is the outcome of our analysis that has been carried in 
the Palatini formalism of f{R) gravity; however similar 
conclusions seem to arise also in the metric approach, as 
recent papers suggest (see [H, [29[ and references therein) . 

Second, conversely, present observations at the Solar 
System scale are hardly fit to constrain the forms of the 
f(R) functions used in cosmology, setting bounds on the 
parameters appearing in them, since the Solar System 
estimates of these parameters are much greater than the 
cosmologically required values. This is confirmed also by 



estimating the density of visible matter, which turns out 
to be several orders of magnitude different from the one 
derived thanks to cosmological observations. 

Of course, these tests are done on a particular solution 
of the f{R) equations, namely a spherically symmetric 
vacuum solution, corresponding to constant scalar cur- 
vature. Even if relaxing the spherical symmetry does not 
seem to produce relevant changes, different conclusions 
might arise considering the solutions inside a matter dis- 
tribution, such as a galaxy, thus enlarging the scale under 
consideration. 

The underlying feeling is that non-linearities appearing 
in f(R) become important on scales much larger than 
the Solar System, for sure on the cosmological scale and, 
hence, data coming from one context cannot be used to 
infer anything on the other context: in fact, they belong 
to a different realm of application of the same theory, 
if one trusts in f(R), or to different approximations of 
a more general theory, if one believes that GR at the 
Solar System scale and f{R) in cosmology are just good 
approximations of something else, still undefined. 
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